/ 0‘7}% R. nd R v ( av fmu'l.‘-v.‘ 5 Telé__ )
h dim & 1L . Rademacher 1> frates He ({rize. 1eRY e
1. dhrentionsl odurivative by ki) L7(Be =0

I8 pﬁﬁu%ﬂ,’u\lk) ~ eXistenc »1 xvﬂ;mql’ Moy partiel e

(e Bh Vf: (df. ~, b

X,

&

¥
-

PR be. d‘,fm eV fia 1%-ad,  xep

\j' f s R >R" s I\M'ﬂ‘&ﬁwemis(\» oa  E &

Suﬁi:unly any PArﬁ.-\ derivatives  ~ Jr‘\ﬁuontiahln,

ktaf?n:w;o_ (Porous set

Definition 1.2. A set E C R" is porous at a point x € E if there is a ¢ > 0 and
there is a sequence y, — 0 such that the balls B(z + yn. c|y,|) are disjoint from E.
The set E is porous if it is porous at each of its points, and it is called o-porous if
it is a countable union of porous sets.
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Theorem 1.3 ([3]). Let f: R" — R™ be a Lipschitz function. Then the set of
those points at which f is not differentiable but it is differentiable in n linearly — Pimpek.: ©. e~ Portoun ser hase Lotesgue  meanre zere

independent directions is o-porous.
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Theorem 1.5 ([9]). There is a Lebesque null set E C R? such that every Lipschitz ’g fﬁ'ﬁ‘”.

function f: R? ~>is differentiable in at least one point of E.

» [Preiss, 1990] Any Gs set E containing dense set of lines in R” is a
universal differentiability set, i.e. any Lipschitz f : R"— R is

f:R? 2)which is not differentiable at any point x € E. differentiable at some points in £.

Theor(/For every Lebesque null set E C R? there is a Lipschitz function
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if f is not differentiable at the points of F C R?, then at each point z € E except
for a uniformly purely unrectifiable set, there i ique differentiabili i ion
7(x) of f. Moreover, this direction is determined by the geometry of the set F, it
is independent of the function f: for any other Lipschitz function g, the direction
constructed using f and g agree at each point of F except for a uniformly purely
unrectifiable set. Indeed, if E is contained in the non-differentiability set of both
f:R? — R™ and g: R2 — R™2, then the direction 7 defined by the function
h = (f,g): R? — R™*™M2 must coincide with the directions defined by f or g,
whenever f, g and h have a unique direction of differentiability.
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Corollary 1.7. For every planar Lebesque null set E, at each point x € E there
is a direction T(x) with the following property: every Lipschitz function f: R? —
R™ is differentiable in the direction T(x) at every x € E, except at a uniformly
purely unrectifiable set of points. This direction is determined uniquely, except for
a uniformly purely unrectifiable set.



4. THEOREM 1. Qiven any measurable plane set E, | E | < oo, we can construct a set L

Remack.. of lines such that
(i) through each point of E passes at least one line of L,
| L| =8|
—_— f: Ru - g-
Notation: Notation. We denote by A, j the o-ideal of subsets of R" generated by sets for

which there is a Lipschitz function f: R™ — R differentiable in at most k linearly
independent directions.
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Definition 1.8. 7: E — G(n, k) is called a k-dimensional tangent field of a set E
if every Lipschitz function f: R™ — R™ is differentiable in the direction 7(z) at all
x € E except those belonging to an A, j_; set.

Theorem 1.9. Every set E € N, has a k-dimensional tangent field. Moreover,
the tangent field is unique up to an Nn,,k—l set. — G 17 le

"“l‘ﬁuTvﬂ. fM.( ¢1w( nuf

—&ifa . Proposition 1.10. The set of (directional) non-differentiability of a Lipschitz
function f: R™ — R can be written as a countable union of sets E, for each of
which we may find a direction u and numbers a < b such that

lim inf M < a < b < limsup M .
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D“\f‘ Definition 1.11. If F C R", we say that the mapping 7: E — G(n,k) is a k-
dimensional tangent field of E if for every cone C, the set of those points z € F
for which 7(z) N C = {0} has C-width zero.
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Theorem 1.12. For every set E C R", the following are equivalent:

(i) There is a Lipschitz function f: R™ — R™ that is non-differentiable at any
point of E.

(ii) There is a sequence (possibly infinite) of Lipschitz functions fj: R® — R
such that at every point of E at least one of the f; is non-differentiable.

(iil) The set E is in Np 1.

(iv) The set E has an (n — 1)-tangent field.

(v) If n < 2: E has Lebesgue measure zero.
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Theorem 1.13 (Zahorski). For any Gs set E C R of Lebesgue measure zero there
is a Lipschitz function f: R — R with Lip(f) < 1 which is differentiable at every
point x ¢ E and

fla+t) - fx) _ fla+t) - flx)
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for every x € E.
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Theorem 1.15. For cvery & > 0 and for every set E which is G5 and uniformly
purely unrectifiable there is a function f: R" — R such that

(i) Lip(f) = 1;

(i) f is & iable on ®"\ E, that is, for every = € R"\ E there is r >0

and a vector u such that
|f(@) = f(y) = (wy —x)| <Ely —a| for all y € B(x,r),
(iit) for every x € E, € B(0,1) CR" and € > 0 there is an r < ¢ such that
(W) = f(@) = .y —a)| <er forally € Blx,r).

In particular, f is not differentiable at the points of E, it is not even e-
differentiable for any < 1.

Theorem 1.16. (i) Let f: R™ — R™ be a Lipschitz function, and for each
x € R" choose 7(x) to be a mazimal dimensional subspace such that the
— restriction of f to x+7(x) is differentiable at x. For each0 < k <n-—1, let
Ej. denote the set of those points at which dim(z) = k. Then Ej, € N, k.
.Let E;, € R™ be an Nnyk set for some 0 < k < n — 1. Then there is a
Lipschitz function f: R"* — RF*Y and a k-tangent field T of Ej such that
[ is not differentiable at any x € Ej. in any direction e that is orthogonal

to 7(x).
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Theorem 1.17. For each 0 < k < n there is a constant ¢, > 0 such that,

whenever | > k, e > 0 and E is a G5, N, subset of R", then there is a function
“ f:R* - R with Lip(f) < 1 which is e-directionally differentiable at every point
of R"\ E and has the property that for every x € E there are k-dimensional linear
subspaces V,W of R", R, respectively, so that for any unit vectors v € V* and
wewt,

(fla+tv) = f(z), w)
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