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Corollary 1.7. For every planar Lebesgue null set E, at each point x € E there
is a direction T(x) with the following property: every Lipschitz function f: R? —
R™ s differentiable in the direction 7(x) at every x € E, except at a uniformly
purely unrectifiable set of points. This direction is determined uniquely, except for
a uniformly purely unrectifiable set.

Remark. There are null sets which are very far from being purely unrectifiable.
For instance, R. O. Davies showed in [4] that every Borel set B C R? can be
covered by infinite straight lines without increasing its Lebesgue measure. One
can even put continuum many lines through each of the points of B so that the
union of these lines has the same measure as B. Now if B = By is, say, a point,
applying Davies’s theorem iteratively, we can find By C By C B2 C ... such that
each By has continuum many lines through the points of By_1, and the sets By, are
Lebesgue null. Then |J By, is also Lebesgue null, and it has continuum many lines
through each of its points. What could be 7 on | Bx? Since Lipschitz functions
are differentiable along lines, at each line of the construction, 7 must agree with
the direction of the line at a.e. of its points. But there are continuum many lines
at each point, how can we choose only one of these, so that along any given line
at a.e. point we choose the direction of the given line and not one of the others?

Now, consider Lipschitz functions on R".



